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Introduction




Two biological ants’ experiments:

15 cm Nest 1 2 Food

(a) (b)

FIGURE 1 Experimental setup for the double bridge experiment.
(a) Branches have equal lengths [3]. (b) Branches have different lengths [4].
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FIGURE 1 Experimental setup for the double bridge experiment.

(a) Branches have equal lengths [3]. (b) Branches have different lengths [4].

Models to fit the experimental results:

(my + k)"
T AR+ R

P (1)

(p1 = probability to go in branch 1; m; = quantity
of pheromones in branch ¢; k and h parameters to
fitted)
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Two biological ants’ experiments: Models to fit the experimental results:
(my + k)"
}]| — T J‘ . (1]
— NSt S (my + k)" + (my + k)"
(p1 = probability to go in branch 1; m; = quantity
N of pheromones in branch ¢; k and h parameters to
& 8 fitted)

FIGURE 1 Experimental setup for the double bridge experiment.
(a) Branches have equal lengths [3]. (b) Branches have different lengths [4].

— Definition of a Metaheuristic: Ant Colony Optimization

==1 See Ant Colony Optimization (Dorigo, Birattari and Stiitzle) for a nice introduction (and
the source of the screenshots)
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Definition of the ant model (one-nest version)

At each step n:
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Definition of the ant model (one-nest version)

At each step n:
- random walk X weighted by W (n) :

Wauw(n)
E:&uEEL@;(n)

starting from N/, stopped at F

P(u—wv)=

on ~ on their way
back:

Ve, We(n +1) = We(n) + lee

Loop-erased (LE) model: + = LE(X)
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Definition of the ant model (one-nest version)

RN
7

At each step n: @

- random walk X weighted by W (n) :

Ze:uee We(n)

starting from N/, stopped at F

P(u—wv)= _Wwl) (@) .

on ~ on their way
back:

Ve, We(n +1) = We(n) + lee ’ \
Loop-erased (LE) model: + = LE(X) “ /

Simulations for n = 108
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Definition of the ant model (one-nest version)

At each step n:

@ + random walk X weighted by W (n) :
Wauw(n)
1 Plu—=v)= =——7F—
( ) Ze:uee We (TL)

starting from N/, stopped at F

ﬁ on ~ on their way
back:

1 Ve, We(n +1) = We(n) + lee

6 Loop-erased (LE) model: v = LE(X)
Question: Do the ants find shortest paths
from N to F ?

— Does ( Yelm)) converge ?
Towards which limit ? Simulations for n = 10°
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A quick warm-up

Podlya’s urn:
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A quick warm-up
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A quick warm-up

Podlya’s urn:

Asymptotic behavior:
Almost surely,

ﬂ — U ~U([0,1])

n n—oo
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Loop-erased (LE) model on series-parallel graphs

Recursive definition of series-parallel (SP) graphs:
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Loop-erased (LE) model on series-parallel graphs

Recursive definition of series-parallel (SP) graphs:

KRR

Theorem (Kious, Mailler, Schapira 22)
If G is a SP graph, then almost surely,

M — Xe, VeeFE

n n—oo
where (x.)..x is a random vector such that Ve, x. # 0 <= e € Geodesic(G).
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Loop-erased (LE) model on series-parallel graphs

Recursive definition of series-parallel (SP) graphs:

()

.
6 .
(@) (b) © (7

Theorem (Kious, Mailler, Schapira 22)
If G is a SP graph, then almost surely,

We(n)

— 2 Xes Veec E O
where (x.)..x is a random vector such that Ve, x. # 0 <= e € Geodesic(G). EK.
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Other reinforcement models
At each step n:
0 N i

erandom walk X:

—
—
—

on

Ve, We(n+1) = We(n) + Lee

—
—_

—
—
—

(F) F
(T) trace: (LE) loop-erased: (G) geodesic:

= = LE(X) = ShortestPath(X)
6/22



Geodesic (G) model on the lozenge graph

The lozenge graph:

Theorem (Kious, Mailler, Schapira 22)
Almost surely,

M — Xiy Vi€e{a,b,c,d e}

n n—oQ
Where (Xi)ic (a.s.c.a.cy IS @ random vector, such that almost surely, x. = 0 and
Xa=Xo=1—xa=1-xc€(0,1).
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Conjecture for the loop-erased (LE) and geodesic (G) models

Conjecture (KMS22)
Almost surely,

M — Xe, Ve€FE

n n—00

where (x.)..x i a random vector such that

(LE) model x. # 0 a.s. if and only if ¢ belongs to a shortest path from N to
(G) model x. # 0 a.s. only if e belongs to a shortest path from N to F
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Conjecture for the loop-erased (LE) and geodesic (G) models

Conjecture (KMS22)
Almost surely,

M — Xe, Ve€FE

n n—00

where (x.)..x i a random vector such that

(LE) model x. # 0 a.s. if and only if ¢ belongs to a shortest path from N to
(G) model x. # 0 a.s. only if e belongs to a shortest path from N to F

For L large enough, there exists e such that
L edges

P (We(n)/n —0) >0
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Trace (T) model (Results from KMS22)

Some examples: the cone and the lozenge

WO — (1,1/5,1/3,0) T — (w1, 12,07, 1/2)

Theorem: convergence for a family of tree-like graphs (s.t. G\{F} is a tree).

Conjecture: deterministic limit for any graph without multiple-edges adjacent to F.
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The two-nest model




Back to the (LE) model: multinest version

N7 with proba a € (0,1
2-nest version: at every step n, N'(n) = ' _ # o€ ).
N3 with proba 1 — «
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Back to the (LE) model: multinest version on triangle-SP graphs

N7 with proba a € (0,1
2-nest version: at every step n, N'(n) = ' _ # o€ ).
N3 with proba 1 — «

Triangle-SP graph: G, G, G5 series-parallel graphs
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Our main result: convergence of the 2-nest LE model on triangle-SP graphs

N;(n) = number of steps at which edges in G; have been reinforced

Triangle-SP graph

Remark: Vn, Ni(n) + N2(n) = n.
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Our main result: convergence of the 2-nest LE model on triangle-SP graphs

N;(n) = number of steps at which edges in G; have been reinforced

Theorem (Mailler, V. 25+) Triangle-SP graph
Almost surely, s = dey (N2, AG)
Ni(n) No(n) Ns(n)) _ . ()

n ' n ' n

n— oo
éldGALZT;}\\\\\

Remark: Vn, Ni(n) + N2(n) = n.
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Theorem (Mailler, V. 25+) Triangle-SP graph
Almost surely, )
Ni(n) No(n) Ns(n)) _ .
n ~ n ' n n—oo

If ¢4 < L2, then,
o ifly > 01 + 03, thenw = (1,0,1 — ),

Remark: Vn, Ni(n) + N2(n) = n.
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Our main result: convergence of the 2-nest LE model on triangle-SP graphs

N;(n) = number of steps at which edges in G; have been reinforced

Theorem (Mailler, V. 25+)
Almost surely,

<N1 (n) Na(n) Ng(n))

— w

n—00

) )
n n n

If ¢4 < L2, then,
o ifly > £+ 43, thenw = (1,0,1 — a),
o jfés > 01 + 0o, thenw = (Oé,l —Oé,O),
+ otherwise w = (81,1 — B1, B3)-

_ a1l (3+ly—1r)
0103+ (0—11)((1—aq)(l3—Lo)+arly)

_ arl3(1—an)(l1+Lo—13)
(la—L1) (01 +Lo—L3)aq+lo (L1 —La+L3)

£ da, (N, F)

Sy

Remark: Vn, Ni(n) + Nzg

5
O

%o
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Our main result: convergence of the 2-nest LE model on triangle-SP graphs

N;(n) = number of steps at which edges in G; have been reinforced
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) )
n n n
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If ¢4 < L2, then,
o ifly > £+ 43, thenw = (1,0,1 — a),
o jfés > 01 + 0o, thenw = (Oé,l —Oé,O),
+ otherwise w = (81,1 — B1, B3)-

Almost surely, Ve € G;, Y™} — ¢. (random),
n—o0

e € Geodesic(G)

h e#0
G = = {limNi(n)/n>O

Triangle-SP graph

by = dg,(M1, Na)

b = de, (M, F) Cy = dg, (N2, F)

Remark: Vn, Ni(n) + N2(n) = n.
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Our main result: convergence of the 2-nest LE model on triangle-SP graphs

N;(n) = number of steps at which edges in G; have been reinforced

Theorem (Mailler, V. 25+)
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— w

n—00

) )
n n n

<N1 (n) Na(n) Ng(n))

If ¢4 < L2, then,
o ifly > £+ 43, thenw = (1,0,1 — a),
o jfés > 01 + 0o, thenw = (Oé,l —Oé,O),
* otherwise w = (81,1 — B1, B3).

Almost surely, Ve € G;, Y™} — ¢. (random),
n—o0

e € Geodesic(G)

h e#0
G = = {limNi(n)/n>O

Triangle-SP graph

b=2

When él = 62 = E:;, 51 = « and
63 = Oé(l — a).
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Our main result: convergence of the 2-nest LE model on triangle-SP graphs

N;(n) = number of steps at which edges in G; have been reinforced

Theorem (Mailler, V. 25+)
Almost surely,

— w

n—00

) )
n n n

<N1 (n) Na(n) Ng(n))

If ¢4 < L2, then,
o ifly > £+ 43, thenw = (1,0,1 — a),
o jfés > 01 + 0o, thenw = (Oé,l —Oé,O),
+ otherwise w = (81,1 — B1, B3)-

Almost surely, Ve € G;, Y™} — ¢. (random),
n—o0

e € Geodesic(G)

where . 0 <— {
lim N;(n)/n >0

Triangle-SP graph

by = dg,(M1, Na)

b = de, (M, F) Cy = dg, (N2, F)

L ¢

Toolbox:
» Polya urns
+ Stochastic approximation theory

» Conductance method and results
on the one-nest model on

SP-graphs
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Toolbox & Proof




B conductance method

R
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B conductance method

=/ See Probability on trees and networks (Lyons, Peres 16)

Effective conductance between two vertices - recursive definition for SP graphs:

[ ]
@Cc=w (b) Cg = Cg + Cg (©) Co = 17e511705 %
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B conductance method

==/ See Probability on trees and networks (Lyons, Peres 16)

Effective conductance between two vertices - recursive definition for SP graphs:

8 o

[ )
(a)Co =w (b) Cg = Cg + Cg (C)Cc=m %

Ca
Ca+Cg "

¢ Key idea: the probability that a random walk starting from S hits T before T is
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Effective conductance between two vertices - recursive definition for SP graphs:

(@) Cg = w (b) Cg = Cg +C (©) Ca = 175541705

¢ Key idea: the probability that a random walk starting from S hits T before 7" is <<

Example: If the ant starts from A/, the probability to reinforce in G is
CGl (n)

Cay(n)Cay(n)
Ce, (n) + Ty (M Coq () 12/22
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Asymptotics for the conductances

On SP gl‘aphs: hmin(G) - dG(N7 -F)
Theorem (Kious, Mailler, Schapira 22):

Cea(n) 1
n n::o hmin (G)

(with bounds for the convergence speed)
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(with bounds for the convergence speed)

¢ Combinatorial analysis of LE walks

= conditional on v € G, ~ is distributed as ~, obtained by doing a (LE) step in G only
« conditional on v € G5 U G2, ~ is distributed as 32 obtained by doing independent (LE) steps
in G3 and G2 only.
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Asymptotics for the conductances

On SP gl‘aphs: hmin(G) - dG(N7 -F)
Theorem (Kious, Mailler, Schapira 22):

Cea(n) 1
n n::o hmin (G)

(with bounds for the convergence speed)

¢ Combinatorial analysis of LE walks

+ conditional on v € G, v is distributed as v, obtained by doing a (LE) step in G only
« conditional on v € G3 U G, ~ is distributed as 32 obtained by doing independent (LE) steps
in G3 and G2 only.
Two-nest model:
Proposition (Mailler, V. 25+)
& ) For every i € {1,2,3},
Cg, (n) 1 1

Ni(n) noe heon(Gi) G
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(Partial) summary of the proof

Step 1: Conductance method. P (Ny(n + 1) — N1(n) = 1) = Function(Cg,, Cq,,Ca,)-
Step 2: Cg,(n) ~ Meln) (KMS22 + combinatorial analysis of the walks)
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(Partial) summary of the proof

Step 1: Conductance method. P (Ny(n + 1) — N1(n) = 1) = Function(Cg,, Cq,,Ca,)-
Step 2: Cg,(n) ~ Nilm) (KMS22 + combinatorial analysis of the walks)
n—oo ©

Step 3: Stochastic approximation. The error made in Step 2 is asymptotically negligible.
Thus (Nl—(”), M) is a stochastic approximation + converges.

n n "'LZO
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B Stochastic approximation

==l See Random processes with reinforcement [Pem07]

A process (X»)n>0 is a stochastic approximation if

F(Xn) + 57:+1 + T'n
n+1

Xn+1 = Xn + 5 Vn
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==l See Random processes with reinforcement [Pem07]

A process (X»)n>0 is a stochastic approximation if

F(Xn) + 57:+1 + T'n

Xn+1:Xn+ TL+1 ,Vn
and if
* (Xn)n>o0 is adapted to some filtration (F,)»>0, and takes value in some convex compact
£ CRY,

« F: & — R%is a Lipschitz function,
« the noise &,,41 is Fn+1-measurable and such that Vn, E,, [§,+1] = 0,
+ the remainder term r,, is F,,-measurable and such that 3~ n~'||r,|| < oo a.s.

Claim: the process (NIT—E"), Ni—f")) is a stochastic approximation !
0

n>
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Proof that the process is a stochastic approximation

We let, vn, N(n) - (Nl (n)’N3(n))’ N(n) = (NlT(mv NJT(H)) and I = (ILNi(n-H):N/;(n)-H)Z‘:l,S

Nr(ln++11) _ NT(LnJ)j I _ NS%) = Jlr 0 (1 —E[I|N(n)] + E[I|N(n)] — @)
= N(n) + F(N(n)) + én+l + Tn

w n+1
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Proof that the process is a stochastic approximation

We let, Vn, N(n) = (N1 (n), Na(n)), N(n) = (X2, 250 ) and I = (L, (nt =i (m 1) 1y 5

N(n+1) N(n)+1I N(n) 1 o - N(n)
= = I —E[I|N(n -2
i) 1 e [N (n)] + E[I|N(n)] = —
_Nm F(N(n)) + &gt +Tn
T oon n—+1
A _ Cqa (n) Ca: (n)
EIIN(n)1 = o C{GQ(n)CGB(n) +ozf1-— czal<n>cc;3<n>
Ce, (n) + o5yt Ca, o) Ces(n) + o5y rca; ™
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Proof that the process is a stochastic approximation

We let, Vn, N(n) = (N1 (n), Na(n)), N(n) = (22, 250 ) and 1 = (v, =i tm 1),y 5

For every i € {1, 2,3},

Cy(n)~"g™

N(n+1) N(n)+1I N(n) 1
= I-E[I
n+1 n+1 n n+1

n n+1

. @) Ca.
E[I|N(n)1 = an Gclcgn()n)cc, -tz 1- Gczc(;n()n)cc; o) %
CGl(n)+ 2 2 CGz(n)‘Jr v 2

Ta, (T Ca, (W) T, (M 1T, ()
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Proof that the process is a stochastic approximation

We let, Vn, N(n) = (N1 (n), Na(n)), N(n) = (22, 250 ) and 1 = (v, =i tm 1),y 5

For every i € {1, 2,3},

Cy(n)~"g™

N(n+1) N(n)+1I N(n) 1 ‘
= I—-E[I|]
n+1 n+1 n n+1

n n+1

. @) Ca.
E[I|N(n)1 = an Gclcgn()n)cc, -tz 1- Gczc(;n()n)cc; o) %
Ca, (n) + 2 2 Ca, (n) + v 2

Ta, (T Ca, (W) T, (M 1T, ()

wy A wo 2 . ~
~ o e z/uz/kzwi/[x + a2 <1 T L e {u,/[lw.i/& > =: p1 (w1, w2, ws) (With w; = N;(n))
1/Z1 + 41”.»/2374»’11"5/5_‘ 2/132 + w1 /e, +Ws e, e



Proof that the process is a stochastic approximation

We let, ¥n, N(n) = (Ni(n), N3(n)), N(n) = (N71£n>77N37§n)) and I = (L, (nt+1)=N; (m)+1) ;_1 5

= = I —E[I|N(n _ -\
n+1 nt1 P [IIN ()] + B[N (n)] - —
N(n 1 A ~ ~ ~ N(n
_N@m) (z — E[I|N (n)] + BN ()] — p(N () + p((n)) — ))
n n+1 "
— N(n) + F(N(n))+é7z+l + 7
n n+1
! & Ca,
EZIN ()l = e Gécg?gn,wcgm) e (1 - Gczc(;:l<)n>cm<n> )
CG1 (TL) + m CGz (TL) + m
~ al% + a2 <1 — %) = pl(w17w27w3) (Wlth w; = Nz(n))
Ut e "5l A e
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Proof that the process is a stochastic approximation

We let, ¥n, N(n) = (Ni(n), N3(n)), N(n) = (N71£n>77N37§n)) and I = (L, (nt+1)=N; (m)+1) ;_1 5

N(n+1) N(n )+I (n) 1 N . N(n)
= = [Id N(n _ =
Tl—|—1 n+1 n Tl—|—1 I E[” (’l>]+EU|N(7’L)] "
— 2, v ; T _ NG
I —E[I|N(n E[I|N =
) 2 (1 BN )] + B 0] = p(9 )+ 2 ) — 2
- Nn)+F(N(n))+én+l+Tn
n n+1
And >~ @ < oo, because Vi € {1,2,3},Vn, N;(n) > n®i. ()
[IlN )]1 =@ CG({ (n()ﬂ)c (Tl) + a2 1 - CGCZ( ()TL)C (71)
Ca, (n) + g2 =23 Ca, (n) + 51 ()0c; ()
1 CG2 (7L)+CG3 (n) 2 CGl <”)+CG3 ™)
A L i =: ith w; = N,
g e T2 \ 1 ey | = P (w2, ws) (With wi = Ni(n))
VeEE VA 16/22
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Conclusion of the proof

Step 1: Conductance method. P (Ny(n + 1) — N1(n) = 1) = Function(Cg,,Ca,,Ca,)-
Step 2: Cg,(n) -~ w (KMS22 + combinatorial analysis of the walks)

Step 3: Stochastic approximation. The error made in Step 2 is asymptotically negligible.
Thus (NIT(")7 N“—(”)) _, is a stochastic approximation + converges.

n
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Step 4: Comparison with generalized Pélya urns to determine the limit.
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& Urn models
N (n) := #% at step n. In a classical Pélya urn:
IP’(N(n—Fl):N(n)—Fl‘NT(lm:w): w
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B Urn models
N(n) := ## at step n. In a G-urn:
IP’(N(n—kl):N(n)—kl‘]VT(lm:w) = G(w)

o= 0.5 1
O
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& Urn models
N(n) := ## at step n. In a G-urn:
P(N(n—kl):N(n)—kl‘NT(ln):w>:(1(w) @

w is a stable fixed point if G(w) = w 11
and G'(w) <1
Convergence of G-urn processes 3 05
Almost surely, X0 — W, where © =
W is a (random) stable fixed point of
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B Urn models

N(n) := ## at step n. In a G-urn:
IP’(N(n—kl):N(n)—kl‘]VT(lm:w) = G(w) @

w is a stable fixed point if G(w) = w

¢ Use this on our two-dimensional process (N , N
and G’ (w) < 1 P (N1 (n), N3(n))

If, for any w3 € [0, 1],
Convergence of G-urn processes

P (Nl(n +1) = Ni(n) + 1‘ Nlén) = w, Nign) = wg) > G(wr)

Almost surely, Y W, where
n— o0
W is a (random) stable fixed point of

~F(wy,ws)
G.
and if every stable fixed point of G is larger than some ¢, then
Examples:
« if G(w) =w, W ~U([0,1 .o Ni(n)
if G(w) = w, ([0,1]) lim inf - >c
e if G(w) = 2w? — 3w? 4 2w,

W =0.5a.s.
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Conclusion of the proof

Step 1: Conductance method. P (Ny(n + 1) — N1(n) = 1) = Function(Cg,,Ca,,Ca,)-
Step 2: Cg,(n) -~ w (KMS22 + combinatorial analysis of the walks)

Step 3: Stochastic approximation. The error made in Step 2 is asymptotically negligible.
Thus (NIT(")7 N“—(”)) _, is a stochastic approximation + converges.

n

Step 4: Comparison with generalized Pélya urns to determine the limit.
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A lot of unanswered questions remain

« Can we characterize the distribution of the edge weights’ limit ?
« What happens on other families of graphs ?

+ Or if we consider graphs with more nests ?

+ Evaporation of the pheromones ?
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Thank you !
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