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Short presentation

e Since November: Postdoc at IRIF, in the Combinatorics team
- working with Marie Albenque and Guillaume Chapuy
- funded by the ComplexCité consortium

e PhD in Bordeaux (LaBRI) supervised by Jean-Francois Marckert
- the golf model and other dispersion models (two papers, the second with J.-F. Marckert)
- the ant model (with Cécile Mailler)
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A first interacting particle system:

The parking model

hashing with linear probing < the parking model (Konheim, Weiss

&> 66; Knuth 73; Flajolet, Poblete, Viola 98)
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complexity of inserting a new data <> size of the largest block +1
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Definition of the golf model

G = (V,E), here Z/nZ
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Definition of the golf model

e A (random) initial configuration
e Random dynamics

e Final configuration

4/14



Definition of the golf model

e A (random) initial configuration Free holes:

e Random dynamics H = {positions of O at t = 1}
e Final configuration
Occupied holes:

o { o @Q}

at=1
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The random variable H! is well-defined.
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Definition of the golf model

e A (random) initial configuration Free holes:

e Random dynamics Ht = {positions of O at t = 1}

e Final configuration
Occupied holes:

HO — {positions of @O}
at=1
Proposition
The random variable H! is well-defined.
Commutation property (Diaconis-Fulton
91)

The distribution of H: and H® do not depend
on the activation order of the balls
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the initial configuration is deterministic)
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Distribution of H' (n fixed)

Theorem (Universality of H - V. 25)

For every p,
N —1 ‘.
P No > Nusp (HL _ ) — Z H ( i )
(NbaNh:” Ny— b +1 b;, b, £; — 2b;
where the sum is taken over the set of (bj)o<j<n, such that ) . bi = Ny and Vi,2b; < {;.
I =106
= {XO 600 ,XNL_l}, NL = Nh — Nb.
X3
I3 =2
0<X1<...<XNL,1<X0§I7
& %o 8
0 Xl 1 =0 VI', é,‘ = (X,‘+1 — Xj — 1) mod n
lo=4
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Distribution of H' (n fixed)

Theorem (Universality of H - V. 25)

For every local and invariant under rotation policy,

Ny, N L 1 He 1 ¢;
n, Ny, N, ,p _ _ 1
PSS Tl )

Nbehm_Nb_Nh)

where the sum is taken over the set of (bj)o<j<n, such that ) . bi = Ny and Vi,2b; < {;.

Local policy ?

Point of view
of ®:

)
O ol
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Distribution of H' (n fixed)

Theorem (Universality of H - V. 25)

For every local and invariant under rotation policy,
Ny—1
0
P Ne, NP (HL _ ) — Z H ( I )
(Nb)th Ny— b +1 b;, b, £; — 2b;

where the sum is taken over the set of (bj)o<j<n, such that ) . bi = Ny and Vi,2b; < {;.

Main idea of the proof:

3x0+3xe

o ..
P HL _ Binit_‘7 Hmlt . J.r _ HP H[_ :\/D/ Bmlt7 Hlnlt :\/3/

i bi xO+b; X @

1xo+1xe
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Asymptotic behavior of H!

No neutral vertices: n = Ny(n) + Ny(n). Number of free holes at time t = 1: Ny(n) = Nu(n) — Nb(")-
. LargestBlock(1)
LargestBIock(') = size of the ith largest block of V\H". QY
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Asymptotic behavior of H!

No neutral vertices: n = Ny(n) + Ny(n). Number of free holes at time t = 1: Ny(n) = Nu(n) — Nb(”)-
. LargestBlock(1)
LargestBlock® = size of the ith largest block of V\HL. Q

Theorem (linear case - V. 25)
If Np = Ni(n) ~ an, with a > 0, then 3a, 8 > 0 such that

(1)
P(ag LargestBlock Sﬂ) 9
log n

Theorem (phase transition - V. 25)

o If Ny < \/n, then LareestBlock® P,y

o If Ny 3> \/n, then LareestBlock® P ﬂk\&\
e Description of the phase transition: if N /\/n — X\ >0,
(LargestBIock i> 1) (LargeStEXC(B(A)) s 1) B such that _ = 1
S ,i>1).
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Back to the parking model

The parking model:
R

% &
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Back to the parking model

The parking model:

%

3

&

Theorem [Pittel 87, Chassaing-Louchard 02]

o If Np = Ni(n) ~ an, a > 0, then LargestBlock™ converges in probability:

__logn —3/2loglogn

LargestBlock™ = o(1).
argestBloc Py +0(1)
o If N < +/n, then La"g%w ES
o If Ny > /n, then M 5o

o Description of the phase transition: si Ni/v/n — X\ > 0,
(7Larg55t,?|uk(l) ,i > 1) @ (LargestExc(e(A)), i > 1).
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Back to the parking model

The parking model:

3

% &

Generalized parking: local
and invariant under
rotation parking policy
(Nadeau 23)

Theorem [Pittel 87, Chassaing-Louchard 02]

o If Np = Ni(n) ~ an, a > 0, then LargestBlock™ converges in probability:
| —3/2logl
ogn —3/2log ogn+o(1).

a—1—loga

LargestBIock

) p
e If Ny < +/n, then m — 1.

(1)
o If Ny >> /n, then ‘oresstBlock L

o Description of the phase transition: si Ni/v/n — X\ > 0,
(L”L,w,i > 1) &) (LargestExc(e(A))7 i> 1).
Theorem (V. 25 - Universality of H" for the generalized parking)

P No NP (HL _ X) _ 1 <£ y ) H(f aF l)f -1
1, N fi=il
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Back to the parking model

The parking model:

3

% &

Generalized parking: local
and invariant under
rotation parking policy
(Nadeau 23)

Theorem [Pittel 87, Chassaing-Louchard 02, V. 25 (generalized parking)]

o If Np = Ni(n) ~ an, a > 0, then LargestBlock™ converges in probability:
| —3/2logl
ogn —3/2log ogn+o(1).

a—1—loga
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How do we get asymptotic results ?
A:H = size of the ith block of V\HL. , A,HL
AsH
Size of the blocks when n = N, (n) + Ny(n) m

N.—1
1 AHL =
PrMethr (i, AHE = 2b;) = < (2bo +1) [] G, Ao Bkt =0

(Nn,) i=0 AogHL
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N.—1
1 AHL =
PrMethr (i, AHE = 2b;) = < (2bo +1) [] G, Ao Bkt =0

(Nn,) i=0 AogHL

Some combinatorics...
Forests(n, Ny ) = {forests of binary trees with n vertices et N roots}

H,I.\io_l Cp, = number of forests such that the ith tree has b; internal vertices

. -
o
% }D
N ,'

— study of excursions of p ~ Unif (Paths(n, Ni)) (where Paths(n, Ny) = {paths such that 7_n, = n}) /
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Some combinatorics...
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How do we get asymptotic results ?
A:H = size of the ith block of V\HL. A,HL
AsHE
Size of the blocks when n = N, (n) + Ny(n) m

N —1
1 L
P tor (Wi, AHE = 2b;) = o< (b0 +1) [] G \g/jAlH 0

(Nn,) i=0 AogHL

...and some probabilities: if p ~ U (Paths(n, N)), then

v2n
in (C([0,1],R), ||-||oc), where B is a brownian motion B conditioned by 7_(B) = 1.

(P(Qnt)) (@) gy
te[0,1]

Then, for every k, the k largest excursion lengths of p converge (up to normalisation) to those
of B (Aldous lemma).
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The parking and golf models on Z



The parking model on Z

Parking on the integers, Przykucki, Roberts, Scott 23.

Parking on transitive unimodular graphs., Damron, Gravner, Junge, Lyu, Sivakoff 19.

Initial configuration for every vertex u, independently from the other vertices:

e initial state: a ball with proba d, OR a hole with proba d,,, 0 < dj, < d

All the balls move simultaneously ! (at each step, +1 with proba p, -1 with proba 1 — p)
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The golf model on Z - Definition

Initial configuration for every vertex u, independently from the other vertices:

e initial state: a ball with proba d, OR a hole with proba d,, 0 < dj, < dy,
e activation clock: A, ~ U ([0,1])

+ 1t e e @ e @ e e @ e e e e e e e @ e @@+ + = =
0.1 0.88 0.52 0.721 0.4 0.6 0.7

When activated, the ball does instantaneously moves to a free hole (the first hole hit by a random
walk of parameter p).
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The golf model on Z - Definition

Initial configuration for every vertex u, independently from the other vertices:
e initial state: a ball with proba d, OR a hole with proba d,, 0 < dj, < dy,
e activation clock: A, ~ U ([0,1])

0.1 0.88 0.52 0.721 0.4 0.6 0.7

When activated, the ball does instantaneously moves to a free hole (the first hole hit by a random
walk of parameter p).

Theorem (V. 25)
The golf model on 7 is well-defined (even when dy, = dh).

11/14



Proof that the golf model on Z is well-defined

Theorem (V. 2024+)
The golf model on 7 is well-defined.

Key : encoding of the initial configuration

o o O o OO, OO OO, OO, O o O]
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Proof that the golf model on Z is well-defined

Theorem (V. 2024+)
The golf model on 7 is well-defined.

Key : encoding of the initial configuration

o o O o OO, OO OO, OO, O o O]

sees no other edge = u is never filled by a ball
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Proof that the golf model on Z is well-defined

Theorem (V. 2024+)
The golf model on 7 is well-defined.

Key : encoding of the initial configuration /«

sees no other edge = u is never filled by a ball

Proposition (cas d, < dh)

Almost surely, there exists an infinite number of

11/14



The golf model on Z - Distribution of H*

(A;HL) = block sizes process. Assuming that d, + di, = 1,
i€z

Theorem (V. 25)

o Ifd, < dy: there exists G,H and X (explicit) such that, for all R > 0,
R

, (2by + 1)A%be G, A2biC,,
P(AH: =2b,-R<i<R)=-—2""J" ~h '
( <i<R) H(N) ’__I_R[#O G(\)

e If dy = dh, then almost surely, Ht = 0.
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The golf model on Z - Distribution of H*

(A;HL) = block sizes process. Assuming that d, + di, = 1,
i€z

Theorem (V. 25)
o Ifd, < dy: there exists G,H and X (explicit) such that, for all R > 0,

R
, (2by + 1)A20 C,, A2biC,
P(AH =2b,~R<i<R) =720 0 T] i
( <i<R) HN AL GO
= lim P” (A,—HL(") — o, —R<i< R)
n— oo

e If dy = dh, then almost surely, Ht = 0.

Key: coupling with the golf model on Z/nZ

an(n) s db7 Nhrfn) N dh

local environment: similar + suffices
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The golf model on Z - Distribution of H*

(A;HL) = block sizes process. Assuming that d, + di, = 1,
i€z

Theorem (V. 25)

o Ifd, < dy: there exists G,H and X (explicit) such that, for all R > 0,
R

, (2by + 1)A20 C,, A2biC,
P(AH =2b,-R<i<R)=~—"7_"7" “% '
( <=8 ="y AL oo
= lim P” (A,—HL(") — o, —R<i< R)
n— oo

e If dy = dh, then almost surely, Ht = 0.

Same final configuration as the parking !

12/14



Cost of generalized parking models (with
Jean-Francois Marckert)

(or jump to conclusion)




Cost of (generalized) parking models

Two important objects
GlobalCost,(r) = Zcost to park the ith car

e the list ¢t;
i=1

¢ . _ ] e E [Cost;] and Var (Cost;)
= Z Costy,, where t; size of the block where the ith car falls

i=1

Cost of the parking: Cost; ~ Unif ([1,¢])

Gy GRy Gy Gy Gy R GRY GR> RG>

| | | | | | | | | | | | |
T T T T T T T T T T T T T T

13/14



Cost of (generalized) parking models

Two important objects
GlobalCost,(r) = Zcost to park the ith car

i=1

e the list ¢t;

¢ . _ ] e E [Cost;] and Var (Cost;)
= Z Costy,, where t; size of the block where the ith car falls

i=1
Cost of the parking: Cost; ~ Unif ([1,¢])

: - lllustration of [} e.dt:
If r = n, (Flajolet-Poblete-Viola 98) ’

N nyf\n\
§
GlobalCost,(r) () [* A i ‘”"V !
—_— — e:dt W W
n3/ 2 n—oo [fq [ A | \
Y i,
{0
| ‘l Y
“u\l \/w‘
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Cost of (generalized) parking models

Two important objects
GlobalCost,(r) = Zcost to park the ith car .
o the list t;

i=1
Z p ) ) e E [Cost;] and Var (Cost;)
= Z Costy,, where t; size of the block where the ith car falls

i=1
Cost of the parking: Cost;, ~ Unif ([1,¢
- & ¢ (I1.4) Illustration of [01 eMN(t) — info<; M (s)dt:
If r = n, (Flajolet-Poblete-Viola 98) ' -

GlobalCost,(r) ﬂ/ledt W%WW\
GlobalCLost,(r) t
0

n3/2 n—o0

If r = |n — Av/n], (Chassaing-Louchard 02)

1
GlobalCostn(r) (), / eM(¢) - inf N (s)dt=: F(\)
9 s<t

n3/2 n—oo
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Cost of (generalized) parking models

Two important objects
GlobalCost,(r) = Zcost to park the ith car .
o the list t;

i=1
r ; ) ) e E [Cost;] and Var (Cost;)
= Z Costy,, where t; size of the block where the ith car falls
i=1
Theorem (Marckert-V.25+)

Convergence in distribution of
GlobalCost, ([n — Ay/n))
\ﬁan

under some hypotheses on E [Costi] and Var(Costy),

towards an explicit limit

Cost of the parking: Cost; ~ Unif ([1,¢])
If r = n, (Flajolet-Poblete-Viola 98)

GlobalCost,(r) ﬂ/ledt
=g t
0

n3/2 n—o0
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Cost of (generalized) parking models

GlobalCost,(r) = Zcost to park the ith car

i=1

r
= Z Cost;,, where t; size of the block where the ith car falls

i=1
Cost of the parking: Cost; ~ Unif ([1,¢])
If r = n, (Flajolet-Poblete-Viola 98)

lobalCost, !
Globa Sos (r) JON / st
n3/2 n—oo Jo

If r = |n — Av/n], (Chassaing-Louchard 02)

GlobalCost(r) (o), /1 N (r) -
0

i (€] _.
372 ;r%fte (s)dt=: F(\)

n—o0

i ;WW&

00— TG = R y) 1

Case of parameter p random walks

If p#1/2,
GlobalCost,([n — A/n]) (d) 1
/2 e p=1] M
If p=1/2,
GlobalCost,(|n — A\y/n]) 1
n5/2 n— oo §G()\)

where G(A) =[5 J5X(R(x,¥) = L(x, ¥))Ls(x.y)dydx
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Perspectives




— The golf model on the infinite binary tree B
— The golf model on 7?2

— The golf model on random trees (or maps)

Merci !
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— The golf model on the infinite binary tree B

Theorem (Albenque, Chapuy, Varin 26+)
The golf model is well-defined on B if d, < 1/64.

Conjecture
The golf model is well-defined on B if dy, < 1/2.

— The golf model on Z?

— The golf model on random trees (or maps)

Merci !
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Continuous dispersion models - illustration
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